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We will start with the very obvious thesis 

that for mathematics communications we use 

its professional language which nothing else 

as a regular language saturated with specially 

defined mathematics terms. However, beyond 

understanding theory and formulas, the stu-

dents need to be proficient in application of 

math and science knowledge to different situ-

ations and challenges. “Hands-on, project-

based math and science curriculum activities 

provide opportunities for students to think 

critically about the use of math and science in 

solving problems, deepening their knowledge 

of the basics. For example, in completing an 

engineering design project based on realistic 

constraints that professionals in the field may 

face, such as a change in federal safety re-

quirements, students need to think critically 

about how to revise their design prototype to 

satisfy its design goals and meet its scientific 

requirements” [2]. 

That is why just the well developed read-

ing comprehending skills are crucially im-

portant for solving mathematical content 

problem. Moreover, even being a skilful in 

the formal technical mathematics and com-

munication of mathematics, the student, 

whose reading comprehension abilities are 

limited, will not be able to make any progress 

in the application of these mathematical skills 

to some problems or just simple questions 

related to real world.  This issue was one of 

the central themes in the current USA educa-

tional reform which is so called the Common 

Core Curriculum, which sets goals for K-12 

classrooms emphasizing depth over breadth. 

It requires much better communication skills 

in all mathematical subjects. The student will 

be required not only to find the correct an-

swer, but be ready to explain this answer and 

to justify and discuss all possible ways of so-

lution. So, in other words, the student critical 

thinking abilities should be well developed. 

The complexity of critical thinking is evi-

dent from the fact that there is no definition 

that is universally accepted. However, a great 

number of critical thinking skills as identified 

by are agreed upon by many authors.  Some 

of these skills are: analysis and synthesis, 

making judgements, decision making, and 

drawing warranted conclusions and generali-

sations, etc. If we look at the critical thinking 

definitions, such as for instance 

“…disciplined thinking that is clear, rational, 
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open-minded, and informed by evidence" [3]; 

"…purposeful, self-regulatory judgment 

which results in interpretation, analysis, eval-

uation, and inference, as well as explanation 

of the evidential, conceptual, methodological, 

criteriological, or contextual considerations 

upon which that judgment is based” (see [4, p. 

26]), “the skill and propensity to engage in an 

activity with reflective skepticism” [6]. New 

York: Teachers College Press.; 

“…disciplined, self-directed thinking which 

exemplifies the perfection of thinking appro-

priate to a particular mode of domain of 

thinking” [7], and so on, we can easily trace 

reflections of those ideas in the Common 

Core documents (see, for example, [1]).  

So, the implementing of the standards 

which require serious development of critical 

thinking skills became extremely important 

in the teaching of mathematics in USA 

schools. 

The Mathematics Standards include 

“..two types of standards: Eight Mathemat-

ical Practice Standards (identical for each 

grade level) and Mathematical Content 

Standards (different at each grade level). 

Together these standards address both 

“habits of mind” that students should de-

velop to foster mathematical understanding 

and expertise and skills and knowledge — 

what students need to know and be able to 

do. The mathematical content standards 

were built on progressions of topics across 

grade levels, informed by both research on 

children’s cognitive development and by 

the logical structure of mathematics” [1]. 

The Standards mandate that eight prin-

ciples of mathematical practice be taught: 

1. Make sense of problems and perse-

vere in solving them. 

2. Reason abstractly and quantitatively. 

3. Construct viable arguments and cri-

tique the reasoning of others. 

4. Model with mathematics. 

5. Use appropriate tools strategically. 

6. Attend to precision. 

7. Look for and make use of structure. 

8. Look for and express regularity in 

repeated reasoning. 

None of those principles can be right 

implemented without well developed read-

ing comprehensive student’s skills.  There 

are no needs to prove this obvious state-

ment. We just want to support it by the fol-

lowing interesting example, which we jus-

tify using the centroid fuzzy model. For 

general facts on fuzzy sets we refer freely 

to the book [5]. 

A classroom application 

In one of the Los Angeles Unified District 

inner city school having very diverse student 

population (Hispanic 53% , Asian 22%, 

Black 18%, White  7%), Algebra 2 District 

Assessment Test was given. The test contents 

can be found in the appendix attached to the 

article. A very professional and dedicated 

teacher, who conducted this test, gave it in 

two his Algebra 2 classes. One of them was a 

regular class, another was a so-called “shel-

ter” class, which means that waist majority of 

the students in this class are students for 

whom English is a second language, not a 

native tongue. It would be logical to expect 

that this “shelter” class test’s results will be 

worse than in the regular class. However, the 

situation was opposite. Surprisingly, the 

“shelter” class performed better.  It happened 

because the teacher, taking into account that 

the students in this class were not proficient in 

English, constantly worked on a daily bases 

on developing the students’ mathematics vo-

cabulary and comprehension in reading math-

ematics content problems. This training af-

fected student’s critical thinking and problem 

solving abilities. The results of the test are in 

the following chart. 

Table 1 

Algebra 2 (Periodic Assessment). Shelter class 

% Scale Grade Amount of students % of students 

89-100 A 0 0 

77-88 B 5 13 

65-76 C 6 16 

53-64 D 9 24 
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Less than 53 F 18 47 

Total  38  

Regular class 

% Scale Grade Amount of 

students 

% of students 

89-10 A 0 0 

77-88 B 1 3 

65-76 C 5 17 

53-64 D 3 10 

Less than 53 F 20 70 

Total  29  

 

The methods of assessing a group’s per-

formance usually applied in practice are based 

on principles of the bivalent logic (yes-no). 

However these methods are not probably the 

most suitable ones. On the contrary, fuzzy 

logic, due to its nature of including multiple 

values, offers a wider and richer field of re-

sources for this purpose. This gave us the im-

pulsion to compare the results of performance 

of the above two classes by implementing the 

following fuzzy model and a defuzzification 

technique known as the centroid method.   

According to this method, the centre of 

gravity of the graph of the membership func-

tion involved provides an alternative measure 

of the system’s performance. The application 

of the centroid method in practice is simple 

and evident and, in contrast to the measures of 

uncertainty which can be also used as alterna-

tive defuzzification techniques (for example 

see [12] and its references), needs no compli-

cated calculations in its final step. The tech-

niques that we shall apply here have been also 

used earlier by the authors in [9-11], [13], etc. 

Given a fuzzy subset A = {(x, m(x)): 

x U} of the universal set U of the discourse 

with membership function m: U [0, 1], we 

correspond to each x U an interval of values 

from a prefixed numerical distribution, which 

actually means that we replace U with a set of 

real intervals. Then, we construct the graph F 

of the membership function y=m(x).There is 

a commonly used in fuzzy logic approach to 

measure performance with the pair of num-

bers (xc, yc) as the coordinates of the centre of 

gravity (centoid), say Fc, of the graph F, 

which we can calculate using the following 

well-known  formulas:  

(1) 

,F F
c c

F F

xdxdy ydxdy

x y
dxdy dxdy

 
Concerning the described assessment, we 

characterize a student’s performance as very 

low (F) if x  [0, 1), as low (D) if x  [1, 2), 

as intermediate (C) if  

x  [2, 3), as high (B) if x  [3, 4) and as 

very high (A) if x  [4, 5] respectively.  

Denote by C1 the shelter class and by C2 

the regular class respectively and set  

U={A, B, C, D, F}. We are going to rep-

resent the Ci’s, i=1, 2 , as fuzzy subsets of U. 

For this, if niA, niB, niC, niD and niF  denote the 

number of students of class Ci who achieved 

very low, low, intermediate, high and very 

high success respectively, we define the 

membership function mCi in terms of the fre-

quencies, i.e. by  

mCi(x)=
n

nix
                        

for each x in U. Thus we can write  

Ci = {(x, 
n

nix
) :  x U}, i=1,2.    

Therefore in this case the graph F of the 

corresponding fuzzy subset of U is the bar 

graph of Figure 1 consisting of five rectan-

gles, say Fi,  i=1,2,3, 4, 5 , whose sides lying 

on the x axis have length 1. 

In this case 
F

dxdy is the area of F which 

is equal to 
5

1

i

i

y . Also 
F

xdxdy
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F
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ydy y . Therefore formulas (1) are 

transformed into the following form: 

(2) 

1 2 3 4 5

1 2 3 4 5

2 2 2 2 2

1 2 3 4 5

1 2 3 4 5

1 2 3 4 5

3 5 7 91
,

2

1
.

2

Since we can assume that

1,

c

c

y y y y y
x

y y y y y

y y y y y
y

y y y y y

y y y y y

 

 
Figure 1:  Bar graphical data representation 

 

Normalizing our fuzzy data by dividing 

each m(x), x U, with the sum of all mem-

bership degrees we can assume without loss 

of the generality that y1+y2+y3+y4+y5 = 1. 

Therefore we can write: 

(3) 

1 2 3 4 5

2 2 2 2 2

1 2 3 4 5

1
3 5 7 9 ,

2

1

2

c

c

x y y y y y

y y y y y y
 

with yi = 

Ux

i

xm

xm

)(

)(
. 

But 0 (y1-y2)
2
=y1

2
+y2

2
-2y1y2 , therefore 

y1
2
+y2

2
 2y1y2  ,with the equality holding if, 

and only if, y1=y2.   

In the same way one finds that y1
2
+y3

2
 

2y1y3, and so on. Hence it is easy to check 

that  

(y1+y2+y3+y4+y5)
2 

 5(y1
2
+y2

2
+y3

2
+y4

2
+y5

2
), 

with the equality holding if, and only if 

y1=y2=y3=y4=y5.  

But y1+y2+y3+y4+y5 =1,  therefore 

(4) 

1  5(y1
2
+y2

2
+y3

2
+y4

2
+y5

2
), 

with the equality holding if and only if  

y1=y2=y3=y4=y5=
5

1  . 

Then the first of formulas (3) gives that xc 

= 
2

5 .  Further, combining the inequality (4) 

with the second of formulas (3), one finds that 

1 10yc, or yc  
10

1

  
Therefore the unique 

minimum for yc corresponds to the centre of 

gravity Fm (
2

5 ,
10

1 ). 

The ideal case is when y1=y2=y3=y4=0 

and y5=1. Then from formulas (3) we get that 

xc = 
2

9  and yc = 
2

1 .Therefore the centre of 

gravity in this case is the point  

Fi (
2

9 , 
2

1 ). 

On the other hand, in the worst case y1=1 

and y2=y3=y4= y5=0. Then by formulas (3), 

we find that the centre of gravity is the point 

Fw (
2

1 , 
2

1 ). 

Therefore the “area” where the centre of 

gravity Fc   lies is represented by the triangle 

Fw Fm Fi of Figure 2. 

 
Figure 2:  Graphical representation  

of the “area” of the centre of gravity 

 

Then from elementary geometric consid-
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erations it follows that the greater is the value 

of xc the better is the group’s performance. 

Also, for two groups  with the same xc 2,5, 

the group having the centre of mass which is 

situated closer to Fi   is the group with the 

higher yc; and for two groups with the same xc 

<2.5 the group having the centre of mass 

which is situated farther to Fw is the group 

with the lower yc. Based on the above consid-

erations it is logical to formulate our criterion 

for comparing the groups’ performances in 

the following form: 

 Among two or more groups 

the group with the biggest xc   per-

forms better. 

 If two or more groups have 

the same xc  2.5, then the group with 

the higher yc performs better. 

 If two or more groups have 

the same xc < 2.5, then the group with 

the lower yc performs better. 

We apply this model to the given in the 

table 1 case. For the shelter class, we have the 

following: 

yc =0. 5(y1
2
+y2

2
+y3

2
+y4

2
+y5

2
) = 0.5(0.47

2 

+ 0.24
2 
+ 0.16

2
 +0.13

2
)=  

0.5(0.221+ 0.058
 
+ 0.026 

+0.017)=0.16 ; 

xc=0.5(0.47+3·0.24+5·0.16+7·0.13)=0.5(0.4

7+0.72+0.80+0.91)=1.45. 

For the regular class : 

yc =0. 5(y1
2
+y2

2
+y3

2
+y4

2
+y5

2
) = 0.5(0.70

2 

+ 0.10
2 
+ 0.17

2
 +0.03

2
)=  

0.5(0.490+ 0.010
 
+ 0.028 +0.001)=0.27;  

xc=0.5(0.70+3·0.10+5·0.17+7·0.03)=0.5

(0.70+0.30+0.85+0.21)=1.33. 

So, according to the above stated 

criterion, the shelter class demonstates a 

better performance on this test. 

Appendix. Algebra 2 Periodic Assess-

ment [8] 

Four Situations  

1. Sketch a graph to model each of the 

following situations. Think about the shape 

of the graph and whether it should be a con-

tinuous line or not.  

A: Candle  

Each hour a candle burns down the same 

amount. x = the number of hours that have 

elapsed. y = the height of the candle in inches.  

B: Letter  

When sending a letter, you pay quite a lot 

for letters, weighing up to an ounce. You 

then pay a smaller, fixed amount for each 

additional ounce (or part of an ounce.)  

x = the weight of the letter in ounces.  

y = the cost of sending the letter in cents.  

C: Bus  

A group of people rent a bus for a day. 

The total cost of the bus is shared equally 

among the passengers.  

x = the number of passengers.  

y = the cost for each passenger in dol-

lars.  

D: Car value  

My car loses about half of its value each 

year.  

x = the time that has elapsed in years.  

y = the value of my car in dollars.  

2. The formulas below are models for the 

situations. Which situation goes with each 

formula? Write the correct letter (A, B, C or 

D) under each one.  

y=  

 y =12-0.5x.   

 y = 30 + 20x.   

 y =2000 · (0.5)
x
. 

3. Answer the following questions using 

the formulas. Under each answer show your 

reasoning.  

How long will the candle last before it 

burns completely away?  

How much will it cost to send a letter 

weighing 8 ounces?  

If 20 people go on the coach trip, how 

much will each have to pay?  

How much will my car be worth after 2 

years? 
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