
 

 

 
© M. Voskoglou 

 

 

99 

SOME COMMENTS ON TEACHING THE DECIMAL  

REPRESENTATIONS OF REAL NUMBERS AT SCHOOL 

(Окремі коментарі щодо викладання десяткового запису  

дійсних чисел у школі) 

 
M. Voskoglou,  

Professor of Mathematical Sciences  

School of Technological Applications  

Graduate Technological Educational Institute,  

Patras, GREECE 

 

 

У статті обговорюються деякі важливі деталі, які стосуються десяткових пред-

ставлень дійсних чисел, з погляду вивчення їх у школі (середня освіта). Зокрема, дослі-

джується питання про істинності рівності 0,999 = 1. 

 

Ключові слова: раціональні та ірраціональні номери, десяткові представлення. 

 

 
 

Introduction. The understanding of irra-

tional numbers is fundamental for students of 

secondary education in reestablishing and ex-

tending the notion of numbers. Nevertheless, 

research focussed on the comprehension and 

proper didactical approach of irrational num-

bers is rather slim. The existing studies sug-

gest that, apart from the incomplete compre-

hension of rational numbers, they are also 

other obstacles (cognitive and epistemologi-

cal) that make the comprehension of irrational 

numbers even more difficult (see [3], [6], 

[10], [12], [14], [15], [20], etc).  

In an earlier paper [17] we have pre-

sented an experimental study on the compre-

hension of real numbers by high- school and 

technologist students (prospective engineers 

and economists), which was based on written 

response to a properly designed questionnaire. 

The results of our study provided strong indi-

cations that the age and the width of mathe-

matical knowledge, as well as the students’ 

ability to transfer in comfort among the sev-

eral representations of the real numbers, play 

an important role for their better understand-

ing.   

The latter is partially crossed by several 

reports from other researchers documenting 

students’ difficulties on the topic of repeating 

decimals, particularly confusion over the rela-

tionship between 0,999… and 1 (see [1], [5], 

[7], [11], [16], [18], [19], etc).  

Students in the above reports were ex-

pected to realize that converting 0,999… to a 

fraction (or in some other way) one finds that 

0,999…=1.  

However, mathematically speaking, there 

exists actually a confusion concerning the 

truth or not of the above equation. The target 

of the present article is to enlighten some im-

portant details on the decimal representations 

of real numbers in general and to investigate 

the arguments concerning the above equation 

in particular. 

 

Decimal representations of real num-

bers. In most books on Number Theory and 

Number Systems (e.g. [2], [3], [13], etc) it is 

defined that a non negative real number, say 

x, is expressed as a decimal, or equivalently it 

has a decimal representation, if  

x=[x]+ .......
101010 3

3

2

21 ccc
         (1) 

In the above expression [x] denotes the 
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integral part of x and ci , i=1,2,3,…,  are in-

tegers such that  0  ci  9.  

We write then x=[x],c1c2c3…… . A nega-

tive real number can be expressed as a decim-

al by using the decimal expansion of its oppo-

site number in the obvious way. 

It is well known that any non negative 

real number x has a decimal representation of 

the form (1) (e. g. [8]; Theorem 3.2).  

More specifically, if x has a finite decimal 

representation, then it has exactly two decimal 

representations ([8]; Theorem 3.7); e.g. 2,5 = 

2,5000…… = 2,4999……  .   

On the other hand, if x has no finite de-

cimal representation (infinite decimal), then it 

has a unique decimal representation, in which 

there exist infinitely many ci’s different from 

9 ([8]; Theorem 3.5 and Theorem 4.5).  

We recall that a decimal representation of 

the form (1) is called finite, if there exists an 

index i0 such that ci = 0, for all i  i0. 

Notice that, in any decimal representation 

of the form (1) at least one of the ci’s must be 

different from 9.  In fact, assume that x = [x] 

+ 
1 10

9

i
i
  (2) is a decimal representation of 

the form (1).   

Then, since 
1 10

9

i
i
 is a decreasing geo-

metric series with common ratio 10
1

, we get 

that 
1 10

9

i
i
=

10

1
1

10

9

= 1.  

Thus x = [x]+1. But this is impossible, 

since, according to its definition, [x] is the 

largest integer not exceeding x. Consequently, 

all the expressions of the form (2) cannot be 

accepted as decimal representations of real 

numbers in the sense of definition (1).  

In particular, although the series 
1 10

9

i
i
 

converges to 1, we can not accept the form 

0,999…. as a decimal representation of 1. 

The question arising under the above data 

is what is actually the meaning of the symbol 

κ0,999…., with κ0 a non negative integer?  

 For this, take into account that instead of 

saying that the sum (i.e. the limit of the se-

quence of its partial finite sums) of a given 

series, say Σ, is equal to α, we usually write 

Σ=α, where the symbol “=” has not the usual 

meaning of equality in this case Therefore, 

the answer to the above question could be that 

the symbol κ0,999…. represents the series 

0

1

9

10n
n

 and not its sum, which is equal to 

the real number κ0+1.  

A number of colleagues (e.g. see [9]) be-

lieve that, for reasons of mathematical conse-

quence, we must accept in general that all 

symbols of the form κ0,κ1κ2…κn.. …, with κ0 

a nonnegative integer and κ1, κ2,…., κn,…. 

natural numbers less than 10, represent the 

series 
1 10

n

n
n

 and not its sum, which is equal 

to the corresponding real number.  

Consequently the representation of real 

numbers as infinite decimals has no meaning 

at all!   

Fortunately the results obtained when us-

ing these representations are conventionally 

correct, because the corresponding operations 

could be performed in an analogous way 

among the sequences of the partial sums of 

the corresponding series. This allows us at 

school level to pass through this sensitive 

matter without touching it at al.  

From the preceding analysis it becomes 

evident that the problem with the decimal re-

presentations of real numbers is actually 

created by the way in which they are defined 

by relation (1). Nevertheless, this is actually a 

pseudo problem, because it can easily be 

fixed. In fact, one can extend definition (1) by 

accepting that any positive integer, say k, 

apart from its usual (let us call it main) de-

cimal representation, has also another one (let 

us call it secondary) of the form    

x = k-1,999….., where [x]= k.  

In particular the secondary decimal repre-

sentation of 1 is x=0,999….., with [x] = 1. 

 

Defining the set of real numbers in 

terms of their decimal representations. In 

most school mathematics text books emphasis 

is given in defining the irrational as non ra-

tional numbers, i.e. us numbers which cannot 
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be written in the form 
n

m  with m and n integ-

ers, n 0 (negative definition). Although ex-

amples are also given of irrational numbers 

expressed as decimals (e.g. by calculating the 

successive finite approximations of square 

roots of non quadratic positive integers or of 

roots of higher order, by presenting examples 

of transcendental numbers like π and e, etc), a 

systematic attempt to connect the above (neg-

ative) definition of irrational numbers with 

their definition as non periodic decimals is not 

evident. Further, the set R of real numbers is 

defined as the union of the sets of rational and 

irrational numbers and no definition is given 

in terms of their decimal representations As a 

result, frequently students consider fractions 

and decimals as being different kinds of num-

bers, while most secondary school students 

and even many university students are not 

possessing a complete image of the nature of 

real numbers [17]. 

From the discussion made above it be-

comes evident that defining the set of real 

numbers in terms of their decimal representa-

tions and in order to consider each  number 

only once, one must take into account only 

the decimal expressions (and their opposite 

numbers) of the form   a,c1c2c3…… ,with a  

and  ci  (i=1,2, 3,….) integers, a 0, 0  ci 

9, where there exists an index i0 such that it 

is not  ci = 9  for all i  i0. 

Another advantage of this definition, 

apart from the others indirectly mentioned 

above, is that it gives a good excuse to ex-

clude from our consideration all decimals 

containing an infinite number of 9’s. In this 

way we could avoid giving at school level all 

these explanations about the decimal repre-

sentations of real numbers presented above, 

which obviously could create confusion to 

students. 

Conclusion. The equation 0,999…. =1 

has meaning only under the assumption that 

each positive integer k, apart from its usual 

one, has also a secondary decimal representa-

tion of the form x=k-1,9999…., with [x]=k.  

However, defining the set R of real numbers 

in terms of their decimal representations and 

in order to consider each number only once, 

one has to exclude all decimal expressions 

containing an infinite number of 9’s. 
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Резюме. Michael Gr. Voskoglou. НЕКОТОРЫЕ КОММЕНТАРИИ ПО 

ИЗУЧЕНИЮ ДЕСЯТИЧНЫХ ПРЕДСТАВЛЕНИЙ ДЕЙСТВИТЕЛЬНЫХ ЧИСЕЛ 

В ШКОЛЕ. В статье обсуждаются некоторые важные детали, касающиеся деся-

тичных представлений действительных чисел, с точки зрения изучения их в школе 

(среднее образование). В частности, исследуется вопрос об истинности равенства 

0,999. = 1. 

 

Ключевые слова: рациональные и иррациональные номера, десятичные представ-

ления. 

 

Abstract. Michael Gr. Voskoglou. SOME COMMENTS ON TEACHING THE 

DECIMAL REPRESENTATIONS OF REAL NUMBERS AT SCHOOL. In the present 

article we discuss some important details on the decimal representations of real numbers 

from the scope of teaching them at school (secondary education). In particular, the truth or 

not of the equation 0,999… = 1 is investigated. 

 

Key words: Rational and irrational numbers, Decimal representations. 
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