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не лише у знаходженні способу розв�язання, а й у остаточній його реалізації. 

Так, наприклад, виконуючи завдання �Складіть рівняння першого степеня, 

яке б мало корінь х=5�, один учень зупиниться на найпростішому варіанті 

типу 3х=15, а інший запропонує більш цікавий: 10
2

31 =+++ xx . 

Резюме. В статье рассматривается проблема диагностики творческого 
компонента в структуре высокого уровня математической подготовки 
учеников основной школы и обосновывается возможность использования 
для этой цели алгебраических конструктивных задач.  
 
Summary. In article the problem of diagnostics of a creative component in 
structure of a high level of mathematical preparation of pupils of the basic 
school is considered and the opportunity of use for this purpose of algebraic 
constructive tasks is proved. 
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The whys and wherefores 

To train and develop children�s mathematical thinking and at the same 

time, widen their theoretical and practical knowledge and skills at the level of 

program requirements and above them � these are the principal aims, tasks and 

problems the math teacher is faced with. 

© Dr.Peter Samovol, Mark Applebaum 
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The main tool for student�s training and development of his mathematical 

abilities is the problem solving. G.Polya  [5] has indicated that it is necessary to 

tackle with problems to master in solving them. He wrote: �if a student succeeds 

in solving the problem at hand he adds a little to his ability to solve problems�. 

It is important to emphasize here that the problems selected by the teacher are an 

object as well as a subject of training. 

Here we are going to narrate our abundant experience of work in this 

direction, based on the Dirichlet principle topic. 

Our schoolchildren group included pupils exhibiting interest in 

mathematics studies. 

The choice of this topic as a didactic invariant in schoolchildren teaching 

was caused by the following considerations: 

1. The principle of redundancy, or the Dirichlet principle, is one of the classical 

methods for demonstrative reasoning. The formulation of the Dirichlet 

principle is simple and easy enough for any auditorium to understand. 

However, such apparent simplicity and triviality turn to complexity in its 

practical implementation, mainly because of the difficulties connected with 

"rabbits" and "cages" unmasking.  

2. The utilization of this method reasoning vigorously develops the pupils' 

mathematical thinking towards divergence and contributes to the 

development of creative thinking in the wide sense of this term, as well. 

Pupil obtains an opportunity to display his own intellectual initiative in the 

development of something new � new idea, new unexpected aspect, new 

approach, new allegory, etc.). 

3. The Dirichlet principle is interesting for teachers from the didactic, 

methodical and psychological points of view firstly because its successful 

application demands a number of principal intellectual skills and abilities 

from pupil. Some of them are: 

� ability to improvise and to abstract; 
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� ability to re-formulate the problem situation, making up a new plot or new 

conceptual images; 

� ability to find a suitable allegory; 

� ability to exhibit the flexibility of mental processes; 

� ability to feel and understand direct and reverse logic problem connections. 

The first lesson 

Topic: "Cages and Rabbits" 

Thesis for the conversation of teacher with schoolchildren 

1. When thinking over nonstandard problem-to-prove, it may often be helpful to 

use the method of reasoning, known among school and college students as 

the "Cages and Rabbits" principle (or theorem). In a facetious form it is 

formulated in the following way: ''it is impossible to put 4 rabbits into 3 

cages in such a manner that there would be only one rabbit in each case�. It 

means that there surely would be a cage containing no less then two rabbits. 

This method has a scientific name, too. The Dirichlet principle (or the 

theorem of redundancy). In more general form it is usually formulated thus: 

"If there are no less than ( )1+n  objects which are to be placed into no more 

than n   boxes � then no less than one box may be found containing no less 

than two objects". 

2. The principle formulation may be generalized thus: "If n objects are placed 

into k boxes and kn > , then  

i) it is always possible to find a box containing no less than 
k
n  objects, and  

ii) it is always possible to find a box containing no more than 
k
n   objects. 

Sometimes an integer part of 
k
n  is used, if 

k
n  isn�t integer. 

 (Let us remind the definition of an integer part of x : Integer part [ ]x  of number 

x  is a maximum integer number not exceeding number x . For instance, 

[ ] [ ] [ ] 32.3-  ;22.9 ;12.1 −===  
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3. The Dirichlet theorem may be easily proven using the reductio ad absurdum 

method. 

4. Indeed, let us assume that the mentioned box (case a ) cannot be pointed out. 

Hence it follows that each box contains less than 
k
n  subjects. But then k   

boxes contain less than n  objects. This is a contradiction, because there are 

exactly n  objects.  The ( )b  statement may be proven in similar way. 

5. The Dirichlet principle is applicable to indiscreet values as well: 

6. "If k  rabbits have eaten n  kg of grass, then it is possible to find a rabbit who 

was to eat no less than 
k
n  kg of grass." 

7. As well, a rabbit exists who has eaten no more than 
k
n  kg of grass. 

8. These statements may be proven in similar way. 

9. Despite its apparent simplicity and triviality, sometimes even evidently, the 

Dirichlet principle often serves as the key to the solution of a wide range of 

problems. Here it is important to note that: 

i) this method gives only  "non-constructive" solution: we can only state or 

deny the fact of the mentioned "cage" existence, but we are not able to 

point out  which cage it is (for example, we don�t know its number); 

ii) as it was already stressed, the most difficult stage of solution, by the 

opinion of the majority of mathematicians, is the distribution of roles 

between "rabbits" and "cages". It is not an easy task to make this decision. 

As a rule, the experience and logical thinking may help here. 

You will have an opportunity to ascertain the latter statement validity by 

studying several problems presented below. 

The second lesson 

Topic: The Dirichlet principle and integers 

Problem No 1 

Prove the theorem: 



 43

Given that for two natural numbers N   and m , the inequality mN >  is 

held. Then among N  integer numbers two numbers can always be found, such 

that their difference is divisible by m . 

Discussion 

As for the Dirichlet principle application, the amount of "rabbits" must 

always exceed the amount of "cages". It would be reasonable to assign the role 

of "rabbits" to each of the N  integers. Various remainders from the division of 

integers by m would be the "cages". 

For example, the "rabbits" (read: the numbers) that are divisible by m  we 

place into the "cage" # 0. 

The "rabbits" (read: the numbers) for which the remainder is equal to 1, we 

place into the "cage" # 1. The "rabbits" (read: the numbers) for which remainder 

is equal to 2, we place into the "cage" # 2. And so on up to cage # ( )1−m . So 

into the "cage" # ( )1−m we place the "rabbits" (read: the numbers) for which 

remainder is equal to ( )1−m . 

By the problem conditions mN > , and the amount of different remainders 

from the division of integers by m is also equal to m, so the number of "rabbits" 

is larger than the number of "cages". Therefore, by the Dirichlet principle, no 

less than two "rabbits" would be placed into the same "cage". Hence, the 

difference of these numbers should be an aliquot to m. QED. 

Let us stress that the theorem: "From N integers two such numbers can 

always be selected that their difference is divisible by m ( )mN > " � it is 

sometimes called the main conclusion of the Dirichlet principle for integer 

numbers.  

Problem No 2 

Is it right that among n integer numbers several numbers always can be 

found such that their sum is divisible by n? 

Solution (with some elements of methodical discussion) 
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2.1. Let naaa ,...,, 21  be n arbitrarily chosen integer numbers. Let 

us consider n following sums: 

nn aaaaS

aaaaS
aaaS

aaS
aS

++++=

+++=
++=

+=
=

...
......................................

321

43214

3213

212

11

 

2.2  If one of ( )nk1 ≤≤kS   integers is divisible by n, then the solution is 

accomplished, as we have got positive answer to the posed problem. 

2.3  If none one of n integers of ( )nk1 ≤≤kS  type is divisible by n, then 

the division of these numbers by n may produce the following set of  ( )1−n  

remainders   ( )1,...,3,2,1 −n . 

Now it is time to distinguish between "cages" and "rabbits", that is to apply 

the Dirichlet principle. To let the principle work, a number of "rabbits" should 

exceed the number of "cages", so we assign the numbers of  ( )nk1 ≤≤kS  type 

to be the "rabbits" while ( )1−n members of the remainders set: ( )1,...,3,2,1 −n  to 

be the "cages". 

The way of our reasoning is like this: 

The "rabbits" (read: the numbers) for which the remainder is equal to 1, we 

place into the "cage" number 1. 

The "rabbits" (read: the numbers) for which the remainder is equal to 2, we 

place into the "cage" number 2.   And so on, up to the cage number   ( )1−n . 

Into the "cage" number ( )1−n we place the "rabbits" (read: the numbers) 

for which the remainder is equal to ( )1−n . 

According to the problem conditions, the amount of rabbits, that is number 

of sums, is equal to n, (namely, "rabbits"), and we have exactly ( ) nn <−1   of 

remainders  (namely, "cages"). Therefore, there are more "rabbits" than "cages", 

and in virtue of the Dirichlet principle, no less than two "rabbits" would be 
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placed into the same "cage". In the formal language, it means that among the 

numbers of   nSSS ,..., , 21  set at least two numbers can always be found that 

have the same remainder, when divided by n. Hence, the difference of two such 

numbers will be aliquot to n. 

For example, if  pk rr =  then ( ) nSS pk !− . 

By virtue of the accepted denotation (if pk > ), the difference 

( ) ( )  a...a ...a-a a a  S-S k2p121k21pk +++=++++…++= ++pp aaa  

will be an aliquot to n. 

Therefore, the final answer to the posed question would be the same as in 

4.2: "Yes, it's right". 

The problem is completely solved. 

Several methodical advises 

Advice 1.  As our observations indicate, the first impulse of a person 

solving a similar problem is the striving to find an example giving negative 

answer to the question set. Our advice: do not embarrass this wish. 

Advice 2.  At the final stage of the problem solution, the discussion it is 

helpful in order to turn the schoolchildren's attention to the following immediate 

consequence of the above argumentation: if n arbitrary numerals are put down in 

a line, then either one of them is divisible by n, or a sum of several consecutive 

numbers is divisible by n. 

Advice 3.  Monitoring of obtained knowledge, attainments and skills 

Suggest to schoolchildren to think about a possible solution of Problem No 2, 

using the proven theorem. 

Problem No 3 (Task for investigation) [ ]2  

Consider the Fibonacci series: ,...8,5,3,2,1,1  

The two first members of this sequence are 1a  ,1 21 ==a , and each 

succeeding term of the sequence beginning with the third term is the sum of the 

two immediately preceding ones. That is, kkk aaa += ++ 12 . 
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1. Find out whether among the first 10001 terms of this sequence a term 

can be found with two zeroes as the two least digits (in decimal form)? 

2. Try to formulate this problem in a general form. 

Solution (with some elements of methodical discussion) 

3.1 Solution 

Let us consider a set of various remainders that correspond to the division 

of various terms of our sequence by 100. Let us denote the remainder resulting 

from the division of n-th term by 100 as nr  (that is, nnn rba +⋅= 100 , where 

990 ≤≤ nr ). It is evident that 5   ,1  ,1 521 === rrr , and so on. 

There exist exactly 100 various different values of terms in the set of rn 

remainders. Consider various pairs of the remainders: ( )ij rr , , when 990 ≤≤ i , 

and when 990 ≤≤ j . 

There are exactly 410100100 =⋅  various pairs of this type. 

( ) ( ) ( ) ( ) ( ) ( ) ( )100021000121154433221 ,,...,,,,,...,, ,,  ,, ,, rrrrrrrrrrrrrr kkkk +++ . 

Now it is necessary to distribute the roles of "cages" and "rabbits" in our 

allegory. 

Here ,...,...,, 21 nrrr    remainders shouldn�t be represented as "rabbits" that 

are willing to be immediately put into the appropriate "cages". Such choice 

could not make the Dirichlet principle to the work. 

We shall call all consecutive pairs of the ( )1, +kk rr  type that we have 

constructed earlier the �rabbits�. 

There are exactly 10001 of such pairs: 

( ) ( ) ( ) ( ) ( ) ( ) ( )100021000121154433221 ,,...,,,,,...,, ,,  ,, ,, rrrrrrrrrrrrrr kkkk +++  

The "cages" will be 10000 different pairs of remainders ( )ij rr , , at 

990 ≤≤ i and 990 ≤≤ j . 

Now we have 10001 "rabbits" and 10000 "cages". By virtue of the 

Dirichlet principle, at least two pairs of remainders must coincide, for example, 

the pair of remainders ( )1, +kk rr  coincides with the pair of remainders ( )1, +mm rr . 
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This means, in particular, that mk   where, and 11 <== ++ mkmk rrrr .  

As   11-k1111 r   have    we,  ; −+−+− =−=−= mkkkmmm raaaaaa  

Similarly reasoning, we can derive an equality 22 −− = mk rr  from an equality 

11 −− = mk rr  and so on, up to 1122 1r   ;1 +−+− ==== kmkm rrr . And as 

011r  have   we k-m12 =−=−= +−+−− kmkmkm aaa . 

It means that the term  kma −    is the term we are looking for. 

3.2. From the proposed method of "cages" and "rabbits" definition it 

becomes clear how certain generalization can be made. Here is another example: 

Let us consider the Fibonacci series: ,...8,5,3,2,1,1  

Find out, whether a term divisible by n can be found among the first 

( )12 +n  terms of this sequence. (The solution of this problem is absolutely 

similar to that of the previous problem when 10001=n . That is why it is 

omitted here). 

Several methodical advises 

Advice 4.  Just as we have done earlier, it is necessary to divide this 

problem into a chain of lemmas and prompts, which would be relatively easy for 

the given group of schoolchildren. For instance: 

1. Calculate the first 10 members of the Fibonacci series. 

2.  Calculate the remainders 1021 ,...,, rrr   resulting from the division of the first 

10 Fibonacci numbers by 100. 

3.  Write down the pairs of remainders: 

( ) ( ) ( ) ( ) ( ) ( )21154433221 ,,,,...,, ,,  ,, ,, +++ kkkk rrrrrrrrrrrr  

Further detailed elaboration level depends on the particular pupil�s abilities. 

Advice 5.  Monitoring of obtained knowledge, attainments and skills 

Offer schoolchildren to think over such questions: 

� Is the sequence   nrrr ,...,, 21   a periodic one?: 

� Is it correct that for any natural n in the Fibonacci sequence a term 

can be found with n zeroes as the n least digits? 
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Note. It is interesting to recall that  Fibonacci  has introduced his sequence 

after the investigations conducted and the observations of reproduction over the 

rabbits placed into cages. 

Problem training 

Home task 1 

Prove that two such numbers can be found among arbitrary 52 natural 

numbers that either their sum or their difference is divided by 100. 

Is this assertion valid for 51 numbers? 

Home task 2 

A natural number was duplicated and 1 was added to the product. The 

number obtained was again duplicated, and again 1 was added to the product. 

This operation was repeated 100 times. Is it possible that the resulting number is 

divisible by 1999?  By 2000? 

Home task 3 

As many as 2n prime numbers are put down in one row. It is known that 

less than n of these numbers differs. Prove that a set of successive terms can be 

selected from these numbers such that a product of these terms would be a 

perfect square. 

Home task 4 

Prove that for any natural number there exists a number aliquot to it and 

written by the combination of only two figures: 1 and 0. 

Home task 5 

There are as many as n 100000 phones in a town. Their numbers are 

represented by 5 figures. More than one half of all phones is installed in a 

central district. Prove that at least one of the numbers in a central district is 

equal to the sum of the two other phones from the same district. 

Home task 6 
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Prove that for any 0>a  and any natural N such integers 0,&0 ≥≥ km  can 

be found that the following inequality is held  .1
N

mka ≤−  

This short acquaintance with the Dirichlet principle we wish to conclude 

with some notes: 

I. Very often we do not even notice that we use this principle to resolve a problem. 

II. But even if we do understand that a problem may be solved by virtue of 

the Dirichlet principle, this sole understanding will not make the problem easier 

or less interesting. The major sophistication, a kind of a "logical pass" lays in the 

question, what is to be assigned as "cages" and what � as "rabbits". Here the 

authors give only one advice they believe to be the basic and the final: 

Advice 2002  "Just solve as many problems as possible!" 

Conclusion 

The process of a person's thinking development is a complex dynamic 

system of quantitative and qualitative changes, which take place in the 

intellectual activity of a person within his entire life. 

Our 20-year pedagogical experience allows us to claim that the principal 

difference in the mental development of a senior pupil and a teenager is the 

completeness of their scientific attitude. 

Many researchers, for instance, Krutetskii, V.A. [4], Kohn I.S., [3], 

Cholodnaya, M.A. [1], basing on the laws of intellect development study, came 

to the following conclusion: development of intellect and vision in young people 

are connected with the development of their creative abilities. That assumes not 

merely information assimilation but intellectual initiatives and activity when 

creating something really new. 

The suggested methodology provides such opportunity. 

Let us emphasize that a teacher desiring to educate active creative person 

inevitably faces the significant problem of the choice of priorities while 

selecting the training content. In doing so, a special role must be assigned to the 



 50

schemes of logical reasoning. Ability to build logical reasoning chains will later 

become the integral part of today's pupil intellectual activity. 

Among possible major topics in the choice of training contents we 

recommend to pay special attention to the problems requiring the redundancy 

idea in its various forms and manifestations for their solution. 
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Резюме. В статье анализируется успешный авторский опыт работы с 
учащимися, проявляющими интерес в обучении математики. 
Обосновывается целесообразность и перспективность выбора 
дидактического содержания в виде различных методов доказательных 
рассуждений. В качестве иллюстрации рассматривается Принцип Дирихле. 
Изложено подробное методическое содержание учебного  цикла из трёх 
занятий по данной теме. 
 
Резюме. У статті аналізується успішний авторський досвід роботи з 
учнями, які виявляють інтерес  у навчанні математики. Обгрунтовується 
доцільність та перспективність вибору дидактичного змісту у вигляді 
різних методів доведених міркувань. Як ілюстрація розглядається 
Принцип Діріхле. Викладено докладний методичний зміст навчального 
циклу з трьох занять з даної теми. 
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