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Резюме. В роботі дається характеристика діагностичного аспекту створеної 
авторами �Програми розвитку творчої особистості та формування 
евристичної діяльності в процесі навчання математики�. 
 
Summary. The diagnostic aspect characteristics of «the programm of creative 
person development and heuristic activities forming in the process of teaching 
mathematics» created by the authors is given in the article. 
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1. The use of rediscovery in the teaching of mathematics 

The learning of mathematics through the use of the problem solving processes 

is highly based on the idea of rediscovery. Polya (1963) suggests that rediscovery is 

the main tool for the materialization of  the process of "active learning", 

distinguishing the following "consequtive phases" in the whole process: 

Presentation of the new information, exploration, formalization and assimilation. 

The teacher of mathematics  applying the method of rediscovery during the 

teaching procedure presents the new information as a problem and asks his 

students to solve it. The participation (if possible) of  the students in the 

formulation of  this problem increases their interest for the new knowledge and 

helps them to understand better its importance. This becomes usually feasible by 

the choice, from the teacher, of the «best motivation» (a historical aspect, a 
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practical problem of the everyday life, a story etc) connecting the existing 

knowledge of the students  with the new information.  

The next step (exploration of  the problem) moves on a heuristic level. The 

teacher leaves his students to work alone on their parers, inspecting their works 

and giving them from  time to time suitable instructions or helpful hints.  

When the students, or at least some of them, are ready to state their ideas 

about the solution procedure  the teacher directs the conversation, leading to the 

rejection of  the wrong suggestions, to the classification of the correct ones and 

finally to the interpretation of the basic ideas and conclusions concerning the 

new information  (state of  formalization). 

At the first step of assimilation the teacher, aiming to help his students to 

generalize the new information to a variety of situations, gives them a number of 

suitable exercises and (or) simple problems for solution. 

At the final step a number of composite problems are given for solution, 

relating the new information to the existing knowledge structures of  the 

students (step of categorization). These problems are usually involving  either 

applications of the new information to other sciences (e.g. applications of the 

derivative to physics, economics etc), or extensions of it to other mathematical 

areas (e.g. addition of non negative integers and union of sets having no 

common elements, addition of integers and abelian groups etc). 

At this point one must observe that the model of Voss for the general 

process of learning, that we have presented in an earlier paper [6], is fully 

compatible with the use of rediscovery in teaching mathematics, because its 

states (representation, interpretation, generalization and categorization of the 

input data) are in an obvious correspondence with the analogous states of the 

method of rediscovery presented above. 

This observation explains well why the measurement model about the 

mathematical learning process that we shall  present in the next section, and 
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which pressumes the use of rediscovery in teaching mathematics, is based on an 

adaption of the general model of Voss for the case of learning mathematics. 

2. Construction of  the measurement model. 

In this section it is tacitly assumed that the teacher of mathematics is applying 

the method of  rediscovery in order to present a new  topic in the classroom. 

Let A be the set of  the students who interpret satisfactorily the new 

information, let B be the set of the students who face successfuly the solution of  

the exercises and simple problems (state of generalization) and let C be the set 

of the students who face satisfactorily the composite problems at the last step of  

the teaching procedure in the classroom (state of categorization).  Then 

obviously C ⊆  B ⊆  A. 

Denote by nA, nB and nC the cardinalities of  A, B and C respectively and let 

n be the total number of  the students in the classroom. Then P(A)=
n
n
A   gives 

the probability for a student in the classroom to interpret satisfactorily the new 

information. Also P(B)=
n
n
B  gives the probability for a student to face 

successfully the state of generalization, while P(C)=
n
n
C  gives the probability for 

a student to pass successfully through all the states of the learning process in the 

classroom. 
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expresses the percentage of the students who have interpreted satisfactorily the 

new information, that face successfully the state of generalization as well.  

In the same way the conditional probability P(C/B)=
n
n

C

B
 expresses the 

percentage of the students  who have faced successfully the state of 

generalization, that face succesfully categorization as well. Finally P(C/A)=
n
n

C

A
 

expresses the percentage of the students, who have interpreted satisfactorily the 
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new information, that pass successfully through all the other steps of  the 

learning process in the classroom. 

3. An application in the classroom. 

A. The student sample: 

The following experiment took place at the Technological Educational 

Institute of Patras, when I was teaching the indefinite integral to a group of 30 

students of  the School of  Technological Applications. 

B. The method: 

Under the pure mathematical scope the right way to present the indefinite 

integral is to teach first the definite one and then, through the need of calculating 

the value of the definite integral of a continuous in a closed interval function, to 

define the corresponding indefinite integral and prove the fundamental theorem 

of integral calculus due to Newton and Leibniz. 

Personally I am always avoiding this way of presentation and I am following 

the inverse one, because I believe that pedagogically this is more suitable. 

Thus in the case of this experiment and in the short introduction  of my 3 

hour lecture I presented integration as the converse pocess of derivation and I 

asked from my students to try to obtain the basic rules of  intergation through 

the corresponding known rules of derivation.  

After the basic theoretical conclusions (state of interpretation), I gave them 

for solution a number of exercises on the basic methods of intergration (by parts, 

by substitution, intergation of a rational function  etc) together with some simple 

problems involving initial or boundary conditions, which uniqelly determine the 

constant of intergration (state of generalization).   

At the final step (state of categorization) I gave to the students who had 

faced satisfactorily the solution of the exercises and simple problems a number 

of composite problems involving economical applications of the indefinite 

integral  and solutions of simple differential equations (separation of variables, 
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use of intergating factors etc) ; see Dowling [1], paragraph 16.6 and  chapter 18 

( to the rest of the students I gave also these problems as homework ). 

C. Data collected from the students: 

Inspecting the works (and reactions) of my studens I found that 3 of  them 

were unable to understand satisfactorily the new subject. Some other students faced 

difficulties before understanding the basic ideas (they looked back to their notes of 

my previous lectures and (or) they asked for help), but finally they came through. 

Further 5 students, although it seems that they understood the basic 

theoretical ideas, they were unable to apply them for solving the greater part of  

the exercises and simple problems. The other 22 students faced satisfactorily the 

solution of the exercises and simple problems, although a number of them had 

difficulties before coming through. 

At the final step 9 students faced satisfactorily the solution of the composite 

problems, but the other 13 students they didn't, or solved only a small part of  them. 

D. The results: 

According to the foundings above it comes out that nA=27, nB=22 and 

nC=9. Thus P(A)= 27
30 , i.e. 90% of the students interpreted satisfactorily the new 

information. 

Also P(B)= 22
30 , i.e. approximately 73,33% of the students faced 

succesfully the state of generalization, while P(C)= 9
30 , which means that 30% 

of the students passed successfully through all the states of the learning process 

in the classroom. 

Further P(B/A)= 22
27 , fact which means that approximately 81,48% of the 

students who had interpreted satisfactorily the new information faced also 

successfully the state of generalization. Also P(C/B)= 9
22 , i.e. approximately 

40,9% of the students who had faced succesfully the state of generalization 

faced successfully the state of categorization as well. 
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Finally P(C/A)= 9
30 , which means that approximately 33,3 % of  the 

students who had interpreted satisfactorily the new information passed  

successfully through all the states of the learning process in the classroom. 

4.  Discussion and conclusions. 

Nowadays, although views have been appeared disputing the effectiveness 

of instruction in the use of general problem solving strategies in mathematics 

teaching and giving emphasis to the aquisition of the appropriate "schemas" and 

the automation of rules [4], it is more or less acceptable that through the 

problem solving processes we can give to the students a balanced view of 

mathematics and we can face effectivelly the false opposition between "learning 

mathematics" and "learning to apply mathematics" [2,3]. 

The use of rediscovery as a teaching method turns out to be the basic tool for 

the learning of mathematics through the use of the problem solving processes. 

The model proposed above for measuring mathematical learning skills, based 

on an adaption of the model of  Voss [7] describing the general process of learning, 

pressumes the use of rediscovery in teaching a new topic of mathematics. 

The classroom experiment that we have presented above shows that the 

implementation of our measurement model can help the teacher to get a 

concetrating view of his students' "behaviour" in the classroom and therefore to 

readapt his teaching plans (more or less repetitions of  previous topics, 

presentation of suitable exercises and examples to the class, speed of  teaching 

of  the next topics etc) according to the case. 
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Резюме. В статье приведен пример использования метода «переоткрытия» 
в обучении математике, предложена модель измерения уровней 
обучаемости учащихся при использовании данного метода. 
 
Резюме. У статті наведено приклад застосування методу «перевідкріття» у 
навчання математики, запропоновано модель вимірювання рівнів навчання 
учнів під час застосування даного методу. 
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Одним із ключових моментів реформування загальної середньої освіти є 

запровадження 12-бальної шкали оцінювання, яка ґрунтується на позитивному 

принципі, тобто передбачає врахування рівня досягнень учня, а не ступеня 

його невдач. Школи перейшли на нову систему оцінювання в минулому 

навчальному році. Звичайно, здійснити такий перехід непросто. Вчителям 

доводиться долати як психологічні труднощі, пов�язані із застарілими 

стереотипами, так і технічні, до яких, зокрема, належить створення дієвого 

механізму діагностики того чи іншого рівня навчальних досягнень учнів.  

Основним засобом діагностики рівня математичних знань є задачі і 

вправи, вміння розв�язувати які, як правило, свідчить і про наявність 

відповідних теоретичних знань, і про здатність застосовувати їх 

практично. Найбільш зручною і доцільною формою перевірки та 

оцінювання набутих учнями знань та вмінь була і залишається письмова 

контролююча робота. Зрозуміло, що завдання, підібрані для такої роботи, 

© Музиченько С.В. 


