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Formation of mathematical thinking in children, training their minds in 

criticism, development of convergent and divergent faculties in an individual 

with simultaneous high-level support and enrichment of their knowledge, skills 

and habits is the key objective, task and challenge of a mathematics teacher.  

Many researchers ([1], pp. 222 –248) noted that convergent intellectual 

faculties reveal themselves, first of all, in the efficiency of information 

processing, and in the capacity of quick finding the proper way out of the given 

situation. Divergent intellectual faculties manifest themselves in the ability to 

put forward a number of equally correct ideas concerning the same problem so-

lution. Convergent and divergent intellectual faculties thus characterize the 

adaptive opportunities of individual behavior in the hidebound activity condi-

tions. 

The researcher A.D. de Groot has come to the conclusion that any creative 

act or product was in no way the result of intuitive inspiration or inherent genial-

ity, but rather appeared as the result of specific individual development com-

bined with long term accumulation and differentiation of experience, useful for 

the given sphere of activity.[2] 

R. Gardner came to similar conclusions while describing the phenomenon 

of the "experience crystallization " [3]. It should be noted that Poincare [7] has 

asserted similar ideas in his famous report in the Psychological Society in Paris. 

"The thing that surprises us first of all, I mean a visibility of a sudden inspira-

tion, is an obvious result of the long unconscious work of intelligence in the 



 99 

field of the analysis of knowledge and experience that have been received in this 

time or another ‖  

Thus summarizing the foregoing, we shall emphasize: 

1. The modern community increasingly more demands convergent and di-

vergent intellectual faculties of a personality mental activity. At present, the ten-

dency to enhance the role of these intellectual faculties is especially marked when 

choosing among the applicants for an office in different areas of human activity.   

2. Convergent and divergent intellectual faculties of a personality can not 

be manifested and realized on "a blank place". The person‘s skills and habits of 

work in the chosen field of activity can effectively be manifested and developed 

only on the basis of solid knowledge mastered at the level of profound compre-

hension rather then just formally. 

3. Convergent and divergent intellectual faculties of a personality are able 

to essentially improve his mental activity and make it constructive only then 

when these two branches of an individual facilities develop in parallel, supple-

menting and enriching each other. 

Basis concepts and notations 

By the "scholastic research tasks" concept we mean the subjectively diffi-

cult theorems or mathematical constructions that are not initially known to a par-

ticular student (or he is unfamiliar with the proof modus operandi). 

These are such problems that a student, when solving them, encounters 

the necessity to investigate mathematical models of configuration which are new 

to him, non-standard connection, existing between such models, property of fig-

ures, and at the same time he has to find and establish the logic scheme of rea-

soning. As it is customary in the majority of mathematics methodical courses, all 

scholastic tasks can be divided into two main groups – heuristic and algorithmic 

tasks. Solution of a scholastic research task results in the established and well-

founded solution algorithm for the total class of similar problems or heuristic 
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device, the scientific idea that, after being justified and generalized, can be used 

and recommended for the solution of alternative nonstandard problems.  

The technique of each such problem solution assumes that there exists an initial 

opportunity of splitting given problem into a chain of comparatively easy lemmas. This 

technique also assumes the opportunity to derive and analyze intermediate results of the 

received solution both by the student and by his tutor.   

Thus, we shall notice that the concept of "scholastic research tasks" is al-

ways considered in a relative sense, in the context of a concrete student‘s perso-

nality. It allows individualizing and intensifying the process of intellectual edu-

cation of a particular pupil or student on the given material. Our experience (that 

has shown its advantages in the educational structures of various countries) 

enables us to assert that it is possible to train the pupil in self-education and 

scientific creativity skills as well as in the elements of experimentalist or re-

searcher work on the research type tasks. 

We emphasize that, as it was noticed above, the basic motives for the 

choice of such tasks were dictated, on the one hand, by the considerations based 

on our own positive pedagogical experience. On other hand, this choice was the 

consequence of study and analysis of the results of well-known psychologist 

L.S.Vygodsky [9]. 

Vygodsky has justified the following fact: the condition of person devel-

opment as a whole, and the level of his mathematical thinking in particular, is 

determined not only by a personality current state. Not only what the child has 

already learned to do is essential, but also what he is capable to learn. Here, as 

Vygodsky has shown, two parameters are necessary to be accounted for: 

1) How a student solves the offered tasks independently, by himself. 

2) How he solves the same tasks with the help of adults. 

Certainly, with the help of adults the child can solve only such tasks that 

lay in the scope of his own intellectual abilities. 
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The divergence between these two parameters would also be a parameter 

that defines the so-called "zone of proximal development". 

Tasks that a child is capable to understand or solve with the help of a tutor 

specify the area of his nearest development. 

"What a child can perform with the help of adults today (that is what does 

currently lay in the area of his nearest development), will tomorrow be the thing 

he would manage to perform independently (that is, that will tomorrow proceed 

to the level of his authentic development)". [9] 

The idea of taking into account not only that was already achieved but that  

would be achievable in the nearest future as well, that is to work on an advancing, – has 

appeared rather fruitful not only in the researches of others scientists (such as psycholo-

gist V.A.Krutetsky, for instance), but in our everyday pedagogical practice as well. 

Expediency and necessity of the students’ training in the solution of re-

search tasks.  Problem urgency. 

1. Essentially always the process of any research task solution recon-

structs the atmosphere of scientific work in the most realistic way. It can be as-

cribed to any analysis in general and to a mathematician‘s work, in particular. 

Hence, a child can receive general notion about the research work since his 

school age. This is obviously rather significant for his vocational guidance.  

B.N.Delaunay, the brilliant representative of Moscow mathematical school, de-

clared in this connection that ―great scientific discovery differs from serious 

scholastic research task only in one feature: a child spends several hours or even 

several days to solve his problem, whereas a real scientific discovery may some-

times take the whole scientist‘s life‖.  

2. Statistical data confirm that mathematicians accomplish their most im-

portant discoveries at the age of 22 to 26. Therefore, from our point of view, it is 

promising enough to teach children the scientific analysis methods at their early 

school age. 
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3. In the course of training to solve research tasks students learn to master 

the special schemes of plausible and provable reasoning and gain high level of 

knowledge, skills and habits of work from numerous mathematics divisions, as 

well. That is very important per se, of course. 

4. The process of search for the scholastic task solution will demand from 

a student to undertake corresponding intellectual efforts. Thus, the intellectual 

facilities of a pupil receive a powerful impulse for development. "You see that 

anything you are compelled to discover independently, by yourself, leaves a 

path in your mind which you can always use to take advantage when a necessity 

would arise".[5] 

5. "Scholastic research tasks" allow individualizing and intensifying the 

process of intellectual education of a particular pupil or student in the given ma-

terial. Use of material of the research type tasks makes it possible to train a pupil 

in self-education and scientific creativity skills as well as to accustom him to the 

elements of experimentalist or researcher work. 

6. Course of the research tasks solution, as it is, opens up the majority of 

heuristic solution procedures that are valuable for the mathematical personality de-

velopment. Later, the skills obtained can be extended to any mathematical material 

or to any sphere of scientific interests of a future specialist. From the aforesaid, fol-

low the urgency and practical prospects of the declared problem study. 

Selected methods of the students’ training in the research task solution    

We shall refer to the whole well-founded assembly of mathematical ac-

tions as to an approach to the mathematical problem solution. We shall refer to 

the well-founded logical scheme that lays in the basis of a particular mathemati-

cal problem solution as the method of mathematical problem solution.  

From the declared task point of view, the "Method of Heuristic Training" 

is of particular interest.  

Obviously, D.Polya may be rightfully considered as the author of this me-

thod of training in its modern interpretation and justification. (See, for instance, 
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[8]). The essence of the method is that a student is offered to carry out the search 

for a particular problem solution in accordance with the sui generis invariant set 

of general questions.  Answers to these questions should draw the student near 

to the guesswork or to the solution discovery.  

In the due course, some students would manage to master the proposed 

scheme of "reasoning through substantiated questions", and quite often they 

would gain success in the solution of scholastic problems. 

But... from our point of view, for the necessities of the general mass-scale 

pedagogical practice, his method in its stated interpretation can sometimes ap-

pear as unacceptable. 

Let us find the cause of this.  

Heuristic schemes, which in their different variants and on different stages 

were given to the students, have certain common features.  But abstract advice 

of general type such as: "…apprehend an offered problem…" or "formulate a 

relationship between the known and the unknown…" are of little help to the stu-

dent, when searching for the concrete problem solution, if any sufficient expe-

rience in problem solution is absent. 

Below we offer our vision of the development of main ideas for the given 

method of education. The realization of the following methods and devices of 

students‘ education is its base: 

 Inductive method of teaching the research task solution. 

 Method of teaching the research task solution by the way of analogy. 

 Deductive method of teaching the research task solution. 

In practice, the choice of teaching method depends mainly on the particu-

lar task features and on the particular purposes of the tutor. 

Let's briefly consider the essence of each method. 

Inductive method of teaching the solution of research tasks. 

(This method implies a transition from the specific to the general.) 
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The inductive method of teaching is based on some mathematical experi-

ment. This method requires much more time compared to the two other ap-

proaches, as the greatest difficulty of such an approach is to promote the credi-

ble hypothesis. Nevertheless, the advantage of this method lies in its maximum 

vicinity to the real scientific mathematical activity and in the fact that the induc-

tive method develops intuition and creates conditions for the insight and im-

pressing rise. The inductive method of teaching can considerably activate the 

pupils‘ creative activity. As the psychologist V.A.Krutetsky has shown in his in-

vestigations: "Despite the primitive character of the trail and error approaches, they 

are underlying the large class of creative processes at the research task solution   

It should be noted that the trails could be taken at any level of analytical or synthet-

ic activity. Only at the lowest level of trails these trails are blind  – that is they are 

just guessing, when the pupils fail to realize why namely this test is conducted and 

what they should receive as a result of this trail" [4, p. 510].   

In practice, we aspire to organize an inductive method of teaching as an 

experimental step-by-step pedagogical process. 

Didactic support for the scientific research process of teaching and devel-

opment of pupils 

Here we are going to show some representative examples that illustrate 

our basic principles of selection of the didactic contents for the effective devel-

opment of convergent and divergent intellectual faculties of the personality ma-

thematical thinking. 

Problems of the solution existence definition 

During our 20-year pedagogical practice we have carried out a series of experi-

ments that brought us to the conclusion that if our aim is to teach a pupil the 

technique of the research task solution, it would be advantageous to begin with 

the problems that sound as ―whether it is possible or no?‖   

Let's dwell on this type of tasks in detail. 
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Previously it is necessary to explain to the pupils the following: 

Most of mathematical tasks that may be found in a school textbook begin 

with the words:  ―simplify…‖, ―calculate this ‖ or ―find what is…―. In mathe-

matical sciences, however, investigators very often deal with the research prob-

lems, where the main aim is rather to establish whether the object with the given 

properties exists at all or whether the given assertion is valid in principle than to 

simplify or calculate something. 

This type of tasks usually begins with words: ―whether it is possible to 

(do something)", or ―whether (something) exists? " and so on. 

When searching and justifying the solution of such tasks, it is necessary to 

stick to the following rule: 

1) If we assert that something can be made it is well enough to specify the 

concrete way that allows fulfilling that. 

2) If we assert that under no conditions something can be made, then the 

examples by themselves wouldn‘t help here. It is necessary to construct a rigor-

ous deduction in this case.  

Let's consider some representative examples of problems that we used in 

our work with the children. 

Example. Several marble blocks with overall weight of 14 tons are to be 

transported from one site to another. Exact weights of individual pieces are un-

known, but it is known that none of these blocks weighs more than 400 kg. 

Three questions are set: 

1. May it be asserted that 12 trucks with the weight-carrying ability of up 

to 1500 kg will be actually enough to cope with this task? 

2. What is the minimal number of trucks with the weight-carrying ability 

equal to 1500 kg each to be ordered to transport the cargo? 

3. If 9 identical trucks are actually enough to transport this cargo, what 

should be the minimal weight-carrying ability of one truck? 

Solution (with the elements of discussion). 
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Answer to the first question. We shall "throw a trial stone", that is we shall be-

gin with an attempt to construct an example demonstrating that 12 trucks with 

weight-carrying ability equal to1500 kg each will cope with the given task. The prob-

lem lies in the fact that the weight of each individual block is unknown. However, it 

is intuitively obvious that the maximum efficiency of the trucks used means maxi-

mum possible loading of the each truck. That results in the minimum number of 

trucks needed. On the other hand, the less is the weight of each piece, the larger may 

be the weight-carrying ability of each truck used (ideal case would be if each marble 

block would have a grain size). The simple calculation shows that if all marble 

blocks have the same weight, for example, 350 kg, one truck could carry 4 blocks 

with 350 · 4 = 1400 kg gross weight. And this means that 10 machines would be 

enough to transport all marble. This calculation shows that under certain conditions 

we can "save" minimum two trucks of 12. We tried to think up a situation facilitating 

an effective utilization of transport. But it is also clear also that the calculation was 

carried out under "favorable conditions".  

How would the situation be solved if those favorable conditions would 

not realized? Evidently, such favorable conditions do not take place in the gen-

eral case. Let's try to construct a suitable example, reasoning from the end.  

Let us assume that 12 trucks would not be enough for the given task. For 

example, we can imagine a situation when each truck transfers less than 14,000 : 

12 =1166
3

2
 kg of a marble. It is possible if the weight of each block does not 

differ much from, for example, 388 kg. In this case, the truck is able to carry 

three blocks as 388 x 3 = 1164 < 1500 but it cannot carry four as  

388 x 4 = 1552 > 1500. In that case, 12 trucks wouldn‘t be actually 

enough to cope with the task as: 1164 x 12 = 13968 < 14000 (kg).  

Now we have only to define the figures more accurately. If the weight of 

each block is assumed to be equal 14000 : 36 = 388
9

8
 kg and the consignment 

consists of 36 marble blocks, then 3 blocks can be loaded on a truck: 388
9

8
 · 3 = 
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1166
3

2
 < 1500 (and 388

9

8
 · 4 = 1555

9

5
 > 1500) and we obtain that 12 trucks 

would be enough. But if there would be, for example, 37 blocks of identical 

weight, then: 

a) the weight of each piece would be equal to 378
37

14
 kg; 

b) no more than 3 blocks may be loaded on each truck because 

378
37

14
· 3 = 1135

37

5
 < 1500 and 378

37

14
· 4 = 1513

37

19
 > 1500. 

This means that 12 machines can carry only 12 · 3 = 36 such blocks. One 

block will not be transported. The answer to the first question is negative. 

Answer to the second question 

As by the problem conditions, the weight of each block does not exceed 

400 kg, any truck is able to carry above 1100 kg of a cargo. This permits to 

claim that 13 trucks would be actually enough for the transportation of all mar-

ble blocks: 13 · 1100 = 14300 > 14000. 

Answer to the third question 

If the weight-carrying ability of each truck is equal to M and the under-

load should not exceed 400 kg, then the maximum load that the truck should 

transport can exceed (M – 400) kg. From an inequality 9 · (M – 400) > 14000, 

we shall obtain M > 1955
9

5
 kg. So, we got the lower limit of the truck weight-

carrying ability. 

Thus, the answers to all questions set in the problem are obtained. 

Theoretical prospects of the given problem research 

The results of this study are expected to stimulate the development of the 

major methods and principles of the mathematical education organization. For 

instance, the investigation and development of the heuristic educational me-

thods. We believe that the most interesting line of investigation consists in the 

study of motivations and reinforcement of interest to the problem solution. The 

central point is the stimulating atmosphere of scholastic process created by a 
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teacher. We believe that the existing organization of students‘ activity does not 

sufficiently promote the development of deep personal interest in such an activi-

ty in the majority of students. 

Our long-term practical experience confirms the following hypothesis:  

Students‘ training in the scientific methods of research problem solution 

stimulates the process of shaping and development of person‘s mathematical 

thinking, promotes the quality of his knowledge, brings up and drills his intellec-

tual endurance, arouses a young person‘s deep personal interest in his own men-

tal activity, and prompts a person to self-education. 

In conclusion, we would like to emphasize and direct reader‘s attention to 

the following: any method of teaching should be used creatively, in view of the 

interests of the learning person. In this connection an idea stated by Maier N.R. 

[6]: "the person can fail to solve a problem not because he is not capable to find 

the solution but rather because the habitual mode of action restrains the correct 

decision development", deserves merit. 

From this, the need for the improvement of obsolete teaching methodolo-

gy as well as the necessity of search for the new effective methods of teaching 

which are able to develop a creative person are naturally ensued. 
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Резюме. В статье изложены основные принципы, некоторые практические 

идеи и находки в работе учителя, занимающегося проблемой обучения 

школьников общим методам научного математического творчества. На ма-

териале подборки исследовательских задач проиллюстрированы некоторые 

особенности процесса формирования и развития конвергентных и дивер-

гентных интеллектуальных способностей личности. Статья предназначена 

методистам, педагогам – учителям математики. 

 

Резюме. В статті викладено основні принципи, деякі практичні ідеї та знахід-

ки у роботі вчителя, який займається проблемою навчання учнів загальним 

методам наукової математичної творчості. На матеріалі підборки дослідни-

цьких задач проілюстровано деякі особливості процесу формування та розви-

тку конвергентних та дивергентних інтелектуальних здібностей особистості. 

Статтю призначено методистам, педагогам – вчителям математики. 
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Из-за большого различия уровней школьной и высшей математики за-

труднено проникновение в суть современных применений математики и на 

этой основе своевременное формирование желаемого интереса к его овладению. 

Имеется в виду нахождение нужной системы объединяющих идей 

([1], с. 300, 303, 304) и соответствующих технических форм для их реализа-

ции, что представляется одним из приоритетных направлений исследования. 

Основные понятия школьной математики и традиционная последова-

тельность установления логических связей между ними недостаточно обеспе-

чивают возрастающие потребности других предметов (физики, информатики, 

экономики, биологии и др.). Так, например, запоздалое введение понятий век-

тора, производной, кортежа, кривой, графа и некоторых других не только за-

трудняет нормальное прохождение указанных предметов, но и вообще делает 

неоправданно трудоемким решение задачи в пределах элементарной мате-


